The combination of lightweight flexible membrane design and favorable control characteristics renders tethered inflatable airplanes an attractive option for high-altitude wind power systems. This paper presents an analysis of the flight dynamics and stability of such a Kiteplane operated on a single-line tether with a two-line bridle. The equations of motion of the rigid body model are derived by Lagrange's equation, which implicitly accounts for the kinematic constraints due to the bridle. The tether and bridle are approximated by straight line elements. The aerodynamic force distribution is represented by 4 discrete force vectors according to the major structural elements of the Kiteplane. A case study comprising analytical analysis and numerical simulation reveals, that for the specific kite design investigated, the amount and distribution of lateral aerodynamic surface area is decisive for flight dynamic stability. Depending on the combination of wing dihedral angle and vertical tail plane size, the pendulum motion shows either diverging oscillation, stable oscillation, converging oscillation, aperiodic convergence, or aperiodic divergence. It is concluded that dynamical stability requires a small vertical tail plane and a large dihedral angle to allow for sufficient sideslip and a strong sideslip response. * Researcher, ASSET Institute, Kluyverweg 1, 2629HS, Delft, The Netherlands. 
wide variety of purposes [1] . Especially from 1860 to 1910, kites emerged as an important technology for scientific and technical applications such as in meteorology, aeronautics, wireless communication and aerial photography. Although the airplane has subsequently taken over these application areas, kites have made a comeback as major recreational device devices. The increasing shift toward sustainable energy generation and propulsion has triggered a renewed interest in kites for industrial applications, a major driver being the potential of the technology to efficiently exploit the abundant wind at higher altitudes [2, 3] . Using kites for power generation has first been proposed and systematically analyzed by Loyd in 1980 [4] , however, subsequent research and development activities were low before the presentation of the 'Laddermill' concept, by Ockels in 1996 [5, 6] .
Since then, the number of institutions actively involved in kite power has increased rapidly, with several multi-million dollar projects [7] [8] [9] .
Various concepts and ideas have been proposed to exploit the wind currents at higher altitudes [10, 11] . One of the concepts is the pumping kite concept [12, 13] , where the tether, pulled by lifting bodies, drives a drum that is connected to a generator to produce electricity. By alternating between a high power producing upstroke and a low power consuming downstroke, net energy is generated. The main advantages of such a system over conventional wind turbines are the higher operational flexibility and the ability to exploit the stronger and steadier wind at higher altitudes.
However, the high degree of freedom in the design and operation of kite power systems also leads to control challenges. Compared to an airplane, the flight dynamics of a kite are constrained by the tether and bridle system. However, this does not mean that kites are more stable and easier to control. Research indicates that the presence of a tether may raise stability issues [14] [15] [16] .
A successful pumping kite power system requires a kite that is not only agile and aerodynamically efficient to maximize the power output, but also stable to minimize the control effort. In addition, a low lift mode -in kite terminology called depower -is necessary to implement a swift low power consuming downstroke. Some kite types are naturally stable on a single-line, such as box kites, sled kites, delta kites and some ram-air kites, but neither meets the full set of requirements.
The Kiteplane developed at the ASSET chair of Delft University of Technology and displayed in Fig. 1 , is specifically designed to operate in a pumping kite concept [17] [18] [19] . The Kiteplane is an airplane shaped kite constructed with inflatable beams and canopy surfaces. It features a bridled wing, efficient aerodynamics for a kite, and easy angle of attack control. However, flight tests have indicated that the prototype of 2009 suffers from a pendulum instability, which is an unstable oscillation in the crosswind plane.
This paper presents a rigid body model of a single-line bridled Kiteplane to investigate the influence of geometry on flight dynamics and stability. The bridle is used as a structural element to alleviate the wing bending moment, but it also constrains the rotational freedom of the kite. The roll and yaw motion of the kite are coupled, because the bridle acts as a revolute joint between the tether and the Kiteplane. At a high elevation angle, the roll motion is constrained, and at a low elevation angle, the yaw motion. At intermediate angles, the motion is a combination of roll and yaw. The continuous aerodynamic load distribution is represented by discrete forces and moments acting on the aerodynamically active structural elements of the Kiteplane to make the model largely parametric in geometry. The kite system model is described in the methodology section and applies to kites that are build out of straight aerodynamic elements, and which global geometry and inertia can be assumed constant. 
II. Methodology
This paper focuses on the influence of geometrical design parameters on the global dynamics of a single-line kite system. Several modeling methods are found in Williams et al. [20] . Optimal control problems for kite systems are often solved using point-mass models [21] [22] [23] . Kite performance is investigated using lumped mass and massless models [24] . For stability, however, attitude dynamics are essential and a point-mass model cannot be used. Also, a flexible body model would not provide pure geometry-stability relations. Given this scope and the philosophy that the best model is the smallest model that describes the behavior of interest, a rigid body approach is selected to model the kite.
Moreover, to investigate the impact of geometry changes on stability, a parametric approach is required for the aerodynamic forces. To this end, an aerodynamic element discretization is developed similar to Meijaard et al. [25] .
The equations of motion are derived using Lagrange's equation of the second kind [26] , a method used frequently for the constrained kite systems [27] [28] [29] .
A. Kite system definition
The kite system consists of a ground station, a tether and a kite. The ground station is represented by a point object that acts as a forced sink and source of tether length, where the tether is modeled as a one-dimensional massless rigid rod element that is free to rotate about its longitudinal axis. As stated before, the kite is modeled as a rigid body. The kite system definitions use the inertial Earth reference frame, a tether reference frame, a body reference frame and an aerodynamic reference frame. Figure 2 displays the ground station and defines the azimuth angle ψ and the zenith angle φ.
The −X E -axis coincides with the wind vector v W . The azimuth and zenith angle are the result of subsequent rotation about Z E and Y E , such that −Z T coincides with the direction of the tether.
The rotation about the tether's longitudinal axis, addressed as bridle rotation angle χ, is displayed in Fig. 3 . The tether length is indicated by l T . The pitch rotation θ of the revolute joint between the tether and the kite is shown in Fig. 4 . To clarify, the bridle rotation angle is such that With the definition that the origin of the body reference frame coincides with the center of gravity (cg), the location of the cg in the Earth reference frame can be expressed as:
The coordinates x T and z T represent the location of the bridle hinge line with respect to the cg, thus to go from the bridle hinge line to the cg they must be subtracted. Expressions for the rotation matrices T ET and T EB are constructed from the angle definitions in Figs. 2, 3 and 4.
The aerodynamic reference frame in Fig. 5 is established from the definition that X a coincides with the apparent velocity vector of the kite through subsequent rotations α about Y B and β about Z a . The magnitude of the apparent velocity vector v app , the angle of attack α, the sideslip angle β, and the body angular velocity ω cg together determine the aerodynamic forces and moments on the kite. 
B. Equations of motion
Lagrange's equation of the second kind, Eq. (2), is used to derive five second order differential equations that describe the motion of the kite system.
The five DOF are represented by the generalized coordinates q i . To evaluate Eq. (2), expressions need to be found for the kinetic energy T , the potential energy V , and the generalized forces Q i . 
Equation (4) is found by differentiating r cg with respect to time and Eqs. (5) and (6) are constructed from the definitions in Section II A.
The potential energy is given by Eq. (7), where m g represents the kite mass excluding the confined air. To avoid inclusion of buoyancy forces, the confined air mass is subtracted from m k assuming that the centers of mass coincide.
Since the kite system is subjected to nonconservative forces such as aerodynamic and ground station loads, expressions for these forces are required in the form of generalized forces. For a rigid body, the resulting aerodynamic loads can be expressed as a force vector and a moment vector that act on the kite cg. In the body reference frame, these two vectors are denoted by respectively F With the nonconservative forces specified, the generalized force Q i for generalized coordinate q i can be derived using the principle of virtual work in Eq. (8).
The results of applying Eqs. (8) to the generalized coordinates in the kite system are displayed in Eqs. (9) through (13) . Note that the nonconservative forces are transformed to the reference frames corresponding to the generalized coordinates.
In the generalized forces, the aerodynamics are incorporated through the force vector F a and moment vector M a . However, an expression for these vectors is yet to be found. For this purpose, an aerodynamic element discretization is employed to acquire a parametric model in terms of the geometric properties. The basic idea, illustrated by An advantage of this approach is that it avoids estimations of stability derivatives because they are in fact accounted for by the relative location and orientation of the aerodynamic elements. In fact, they result from lower level estimations at the aerodynamic elements. This approach then yields the aerodynamics tree in Fig. 7 , which implementation is discussed in the following. Wing aerodynamics. To incorporate the dihedral angle as a parameter in the model, the wing is split up in two aerodynamic elements, left and right. For the calculation of the lift and drag force on the wing halves, the airflow is observed at the quarter cord point of the spanwise mean aerodynamic cord (MAC) location (y w ). It is assumed that this point best represents the wing half.
By splitting the wing, the effect of dihedral and rotational velocities on the aerodynamic forces and moments is automatically taken into account. The apparent velocity at the MAC location on the right wing is given by Eq. (14), a similar result can be obtained for the left wing.
The global aerodynamic angles α and β are defined, as usual, according to Eqs. (15) and (16) respectively.
However, to find the local aerodynamic angles, a transformation is required to account for the rotation of the aerodynamic element about X B . Equation (17) 
In the case of the right wing half ζ is equal to −Γ, and for the left half ζ is equal to Γ. For the calculation of the lift and drag on the wing halves, experimental or theoretical C L − α and C D − α curves can be used to link the local aerodynamic angles to aerodynamic coefficients. In the Kiteplane case study, experimental data from [30] is combined with the approach for 3D plates at an angle from [31] to obtain the curves in Fig. 8 .
The lift and drag of the right wing half are then calculated using Eqs. (18) and (19) . The expressions for the left wing half are similar. 
The resulting lift and drag force are used in Eqs. (20) and (21) 
If the wing has a nonzero pitching moment, this can be included separately using Eq. (22), provided that a value or curve for C mac is available.
Horizontal tail plane aerodynamics. The contribution of the horizontal tail plane to the aerodynamic forces and moments is calculated essentially in the same way as the contribution of the wing. There are, however, some differences, because the local angle of attack is different from the global angle of attack due to the incidence angle of the horizontal tail plane and the downwash from the wing. The derivative of the downwash angle with respect to the angle of attack d dα can, for example, be estimated using the empirical methods in [32] . The angle of attack at the horizontal tail plane is then calculated using Eq. (23) .
The α l in Eq. (23) needs to be calculated based on the local apparent velocity, which is calculated using Eq. (24) .
With the obtained value for α HT , the lift and drag coefficients can be found using estimated C L − α and C D − α curves. The lift and drag force on the horizontal tail plane are calculated using Eqs. (25) and (26), where the term (v t /v) 2 accounts for the velocity loss due to the presence of the wing.
Using these lift and drag values, the contribution of the horizontal tail plane to F is obtained from Eqs. (27) and (28) . Again, the local α and β angles are to be used for the T Ba transformation.
Vertical tail plane aerodynamics. As with the other elements, a single resultant force is calculated at the quarter cord point of the spanwise MAC location. In the Kiteplane case study there are in fact two vertical fins, which are approximated by a single element using the fins original MAC location and aerodynamics properties, but taking into account twice the size. Due to the simplifications in the model, this is equal to including both fins separately when the small effect of the lateral position of the fins on the distance to the equivalent vertical tail plane is neglected. The local velocity at the vertical tail plane is given by Eq. (29) .
Since the vertical tail plane element is rotated -90
• about the X B -axis, the angle of attack for the vertical tail plane is equal to the sideslip angle resulting from Eq. (16).
With α V T determined, the lift and drag coefficients can again be obtained from estimated C L −α and C D − α curves. The lift and drag force on the vertical tail plane are calculated with equations similar to Eqs. (25) and (26), and inserted in Eqs. (30) and (31) to find the contribution to F B a and M B a .
Since the tether is modeled as a massless rigid one-dimensional rod, the ground station accounts for the spring damper dynamics. This approach combines the tether dynamics and ground station dynamics in a single force. The ground station force that represents the spring damper dynamics of a fixed length tether is given by Eq. (32), where k represents the spring constant and d the damping constant. Both properties depend on the tether material, thickness and length.
III. Results of the Kiteplane case study
With the described methodology, analytical as well as numerical results can be obtained for various aircraft shaped kites. In this paper a case study is preformed on a specific kite, the Kiteplane, to investigate whether the developed model can describe its dominating behavior. The Kiteplane, displayed in previous figures, features an approximate elliptic wing with positive dihedral from the tail boom section to the tips and is in size comparable to a small surfkite. The twin tail booms support the horizontal tail plane that is located in between and the two vertical tail planes on top. The main geometrical properties are listed in Table 1 , where the MAC and its location are calculated using the definitions from [33] .
The inertia of the Kiteplane consists of three parts: the pressurized beam structure, the canopy surfaces, and the air confined in the tubes and airfoils. The contribution of displaced air is assumed 
The vector r B LE represents the position of the LE with respect to the cg in the body reference frame. Apparently, the center of gravity is located at about 92 cm behind the leading edge of the wing, this is at approximately 85% of the MAC.
A. Analytical stability analysis
By examining the free body diagram of the kite, the static stability of distinct motions of the system can be determined. However, when the kite is located in the plane spanned by the wind velocity v W and the vertical, the symmetry plane, the results are equivalent to that of a regular airplane. The only difference, the tether force, acts in this case as additional gravity and thrust.
This situation can be viewed as gliding flight.
Application of airplane stability analysis as described by e.g. [34] [35] [36] Furthermore, sideslipping is dynamically stable.
If the kite moves outside the symmetry plane, the situation is fundamentally different from airplane motion due to the constraints posed by the fixed length tether and the bridle connection.
In this condition, the tether force and gravity start to interfere in the roll and yaw motion of the kite. To investigate the stability of this motion the reduced model displayed in Fig. 10 , with the two DOF θ T and χ, is analyzed.
Pendulum stability requires the Kiteplane to converge to the situation displayed in Fig. 10 from a disturbance in θ T . To investigate the pendulum stability, the situation in Fig. 11 is considered. This is a typical scenario where, for the observer, the Kiteplane is located on the left side and falling to the left side. It is assumed that χ changes such that the Kiteplane always points approximately into the wind (−X E ), because then the lateral force about Z T is governed by β, which is free and replaces χ as the second DOF. The sum of the lateral forces is given by Eq. (33). The sum of moments about X B and Z B , evaluated at the tether attachment point located below the wing ac, are given by Eqs. (34) and (35) respectively. The minor impact of the horizontal tail lift and drag force on the pendulum motion is neglected.
In Eqs. (33) through (35) , the lift and drag of the wing halves has been converted to X and Y components. The wing dihedral causes a difference in angle of attack between the wing halves, therefore the lift and drag cannot be conveniently captured in the body reference frame. Figure 12 provides an indication of the variation in force coefficients C Xw and C Yw with β in case α = 5
• .
The lift and drag forces in Eqs. (33) through (35) are obtained using the common aerodynamic 
Because the pendulum motion is a combination of θ T and β, strictly necessary conditions for static stability are difficult to define, however, four sufficient conditions can be formulated using Eq.
.
With the case constants substituted, F Fig. 13 , which is the trivial equilibrium in the symmetric plane. The arrows in Fig. 13 indicate in which direction the Kiteplane is accelerated. They are, in steady state, a measure for the acceleration vector in θ T -β space with x-componentθ T and y-componentβ. The analysis in this section proves that the Kiteplane system restricted to pendulum motion is unstable. This cannot be guaranteed for the unrestricted Kiteplane system, but it is nevertheless likely that it exhibits some of this unstable behavior. The investigation of this pendulum motion is continued trough numerical simulation.
B. Numerical simulation results
To study the motion of the Kiteplane, numerical simulations are produced with a MAT-LAB/Simulink model that is constructed from the derived equations of motion. The model is used to solve initial value problems, which results can subsequently be compared to other simulations or flight tests. The structure of the model is displayed in Fig. 15 , The pendulum motion that was studied analytically in the previous section seems dominant in this flight and it appears that the analytical approach as well as the simulation agree on the instability that is observed in reality. A comparison of the simulation and the analytical pendulum analysis is displayed in Fig. 18 . The simulated trajectory in θ T -β space is indicated by the gray line, with the circle mark as starting point and the cross mark as final state.
As explained previously, a position above and to the right of the solid and dashed black lines From the acceleration arrows alone, one would expect the Kiteplane to fall to the right side by converging to the dashed black line on the right. At first the gray line seems to do exactly that, but at a certain point the line shoots downwards in the area that pushes the Kiteplane back to the middle. Apparently, not all important effect are described by the static 2 DOF approximation. This could be expected because the assumptions that the apparent wind velocity is equal to the wind velocity, the heading coincides roughly with X E , the body rotational velocities are small, and the roll-yaw coupling is constant, do not hold throughout this flight trajectory.
Moreover, it appears that in reality the asymmetric motion is more stable than Fig. 18 suggests.
Due to the inertia in rotation about the tether, the sideslip convergence can be either periodic or aperiodic. If the sideslip motion is periodically converging, the overshoot that causes the heading of the Kiteplane to point toward the middle triggers the symmetric motion. This leads to mixing of the unstable asymmetric motion with the stable symmetric motion, which increases the apparent lateral stability.
If the dashed line in Fig. 18 is relatively steep, i. e. sideslip equilibrium is achieved at high sideslip angles, the Kiteplane tends to rotate more, and this induces the mixing of symmetric and asymmetric motion. A relatively flat solid line, which it is not in this case, allows more time for rotation and hence increases apparent lateral stability. In fact, the Kiteplane system can be stable even when the solid line is slightly steeper than the dashed line.
To summarize, the validity of the static 2 DOF analysis is limited, but it does provide useful insights in the cause of the instability. It seems essential to have a small enough vertical tail plane to achieve a large enough equilibrium sideslip angle, and a large enough lateral area to generate a strong enough lateral force. To test this hypothesis, simulations are run with various vertical tail plane sizes and dihedral angles.
Impact of design variations on stability. Inspection of Table 1 The first thing to notice is that the differences between the equilibrium lines is small compared to the resulting trajectory. While the behavior and geometry in both unstable domains is significantly different, the equilibrium lines have a similar slope difference. It appears that, in general, if the difference between the slope of the solid and dashed line becomes too large, the system becomes unstable.
The stable oscillation domain displayed in Fig. 21b is the desired stability space according to the pendulum stability analysis in Section III A. The dashed line is steeper than the solid line, which means that the Kiteplane converges to a sideslip angle that generates a resultant force toward θ T = 0. However, this configuration lacks damping configuration's lack of damping results in continued oscillations.
At the border of stable oscillation and converging oscillation, the dashed line is on top of the solid line. From the 2 DOF pendulum motion point of view, this is the border to unstable behavior.
However, the longitudinal stability improves lateral stability and is in fact crucial in the entire converging domain.
If the solid line is only slightly steeper than the dashed line, the motion is still oscillatory. If the difference in slope becomes larger, the oscillations disappear. This is the domain of aperiodic convergence and illustrates the improved apparent lateral stability very clearly, because the acceleration arrows indicate divergence.
Nevertheless, if the lateral instability becomes too large for the longitudinal stabilization, the motion diverges as displayed in Fig. 21e . The absolute slope difference in Figs. 21d and 21e are about equal, but the relative difference is larger because the slopes in Fig. 21e are shallower.
As an additional illustration of the motion of the Kiteplane system, a sample trajectory of stable oscillation is displayed in Fig. 22 . The trajectory starts with a launch from a slight asymmetric initial condition: χ = −10
• and ψ = 10
Impact of operating conditions on stability. During kite flight, various operational conditions occur. Also, the presented model is a simplification of reality based on assumptions that have an impact on accuracy. For these reasons, it is important that stability holds for both varying conditions and small design variations. To determine the impact of these variations on stability Table 2 .
According to the results in Table 2 , the stability of the reference case seems robust. To find out if the robustness holds for combined variations, the following two cases are assessed.
1. Inertia +30%, Γ +30% and
2. Inertia −30%, Γ −30% and
+30%
The first case, which leans toward diverging oscillations, as well as the second case, which leans toward aperiodic divergence, are in fact still converging. Although the latter is on the verge of aperiodic divergence, these results are promoting the idea of a configuration that is stable in the entire operating domain. 
IV. Conclusions
The geometric requirements for stable flight dynamics of a Kiteplane are different from these of regular airplanes. Similarities are found in the longitudinal motion, but the constraints resulting from the tether and the bridle connection give rise to instabilities in the lateral motion outside the symmetry plane. The pendulum motion in particular poses additional requirements for stability.
With the developed rigid body model, an explanation is found for the pendulum instability of the Kiteplane design considered in the case study. The analytical analysis yields the hypothesis that a large wing dihedral angle combined with a small vertical tail plane area provides pendulum stability. The small vertical tail plane causes the equilibrium sideslip angle to be large enough for the effective lateral area to generate an aerodynamic force that opposes and overcomes the lateral component of gravity.
Numerical simulations of the derived equations of motion confirm the hypothesis, but the criteria on the geometry appear to be less strict. Due to the mixing of longitudinal and lateral motion, stability is achieved with a larger vertical tail plane area than predicted by the analytical results. In addition, it is found that reducing the horizontal tail plane area by 25 % improves the convergence of the longitudinal motion.
The numerical simulations are only partially successful in reconstructing the presented test flight, but this may be improved when more and accurate data becomes available for calibration of the model.
The results indicate that the stability of the Kiteplane is highly depending on lateral area parameters. More precisely, the simulation results show that the 2D Kiteplane design space spanned by dihedral angle and vertical tail plane area consists of the five different stability domains listed below.
• Unstable oscillation for a dihedral angle > 5
• and a vertical tail < 3% wing area.
• Stable oscillation for a dihedral angle ∼ 25
• and a vertical tail ∼ 4.5% wing area.
• Converging oscillation for a dihedral angle ∼ 25
• and a vertical tail ∼ 9% wing area.
• Aperiodic convergence for a dihedral angle ∼ 25
• and a vertical tail ∼ 25% wing area.
• Aperiodic divergence for a dihedral angle < 10
• and a vertical tail > 25% wing area.
In respect to these stability domains, the investigated Kiteplane design features a too small lateral area that is distributed too far to the back. A geometry change that moves the design to the converging oscillation domain is, according to the simulation results, stable for a solid range in design inaccuracies and operational conditions.
